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This paper provides further results on the perfect state transfer in
integral circulant graphs (ICG graphs). The non-existence of PST
is proved for several classes of ICG graphs containing an isolated
divisor d0, i.e. the divisor which is relatively prime to all other
divisors from d ∈ D\{d0}. The same result is obtained for classes
of integral circulant graphs having the NSF property (i.e. each n/d
is square-free, for every d ∈ D). A direct corollary of these results
is the characterization of ICG graphs with two divisors, which have
PST. A similar characterization is obtained for ICG graphs where
each two divisors are relatively prime. Finally, it is shown that ICG
graphs with the number of vertices n = 2p2 do not have PST.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
A graph is called integral if all eigenvalues of its adjacency matrix are integers. Integral graphs
are extensively studied in literature. The term ‘integral graph’ ﬁrst appeared in the paper [9] by
Harary and Schwenk. Recently in [13] it was shown that only a fraction of 2−Ω(n) of graphs with
n vertices are integral. On the other side, there is also vast research on the class of circulant graphs.
A graph is called circulant if it is a Cayley graph on the additive group Zn (a residue group modulo
n), i.e. its adjacency matrix is circulant. Circulant graphs have an important application in modeling
interconnection networks for parallel and distributed computing [11]. Although classes of integral and
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circulant graphs are well studied in literature, the ﬁrst characterization of graphs belonging to both
classes was recently given by So in [15]. These graphs are called integral circulant graphs.
Integral circulant graphs are the generalization of the well-known class of unitary Cayley graphs.
Various properties of unitary Cayley graphs were investigated in some recent papers. For example,
Klotz and Sander [12] determined the diameter, clique number, chromatic number and eigenvalues of
unitaryCayley graphs. Theproblemof the longest induced cycle inunitaryCayley graphswas studied in
a paper by Fuchs [7] and also in a paper by Berrizbeitia and Giudici [4]. However, there is little research
on integral circulant graphs. Some results about the clique number of integral circulant graphs were
recently obtained by Bašic´ and Ilic´ [1]. The authors provided the exact expression for the clique number
in case the divisor set contains either one or two divisors.
The transfer of aquantumstate fromone location to another is a crucial ingredient inmanyquantum
information processing protocols. There are various physical systems that can serve as a quantum
channel. One of them is the quantum spin network. These networks consist of n interacting qubits.
The transfer is implemented by setting the qubit A in a prescribed quantum state and by retrieving
the state from the output qubit B after some time. A state transfer is said to be perfect state transfer
(a transfer with unit ﬁdelity) if the initial state of qubit A and the ﬁnal state of qubit B (A /= B) are
equal up to a phase factor. If the above holds for A = B, the network is periodic at qubit A. A network
is periodic if it is periodic at each qubit A. Quantum spin networks that allow perfect state transfer
were considered in the paper [5]. There are different types of couplings of the qubits in a network and
also different ways how to model an interaction between them. Perfect state transfer in a networks
with ﬁxed nearest-neighbor coupling via XY-interaction are considered in [5,6]. For such networks,
periodicity is a necessary condition for the existence of perfect state transfer [8,14]. In a recent work
by Saxena, Severini and Shparlinski [14], it was stated that circulant graphs are potential candidates
for modeling quantum spin networks which enable the perfect state transfer between antipodal sites
in a network. It was proven in [14] that a network, based on a circulant graph, is periodic if and only if
the corresponding graph is integral. A similar statement was proved by Godsil [8] for regular graphs.
A simple and general characterization of the perfect state transfer existence in integral circulant
graphs, in terms of its eigenvalues, was given by Bašic´ et al. in [3]. It was proven that integral circulant
graphswith an odd number of vertices do not allow perfect state transfer. A full characterization of the
unitary Cayley graphs that allow perfect state transfer, was also provided. However, the existence of
perfect state transfer in integral circulant graphs was not found, other than for unitary Cayley graphs
K2 and C4. In a later work by Bašic´ and Petkovic´ [2], the ﬁrst two known general classes of integral
circulant graphs allowing perfect state transfer were found. These classes have a two-element divisor
set. On the other side, it was shown that graphs whose order is an even square-free integer do not
allow perfect state transfer.
According to [2,3], integral circulant graphs allowing perfect state transfer must have an even non-
square-free order. Such graphs are considered in this paper. In Sections 2 and 3 we present some basic
results about integral circulant graphs and perfect state transfer, respectively. In Section 4, we prove
the non-existence of PST in several classes of integral circulant graphs containing an isolated divisor
d0, i.e. the divisorwhich is relatively prime to all other divisors from d ∈ D\{d0}. Section 5 contains the
same result for classes of integral circulant graphs with the NSF property (i.e. each n/d is square-free,
for every d ∈ D). The following are direct corollaries of the results:
• Integral circulant graphs with an arbitrary order do not allow perfect state transfer if every two
divisors from the divisor set are relatively prime, except in cases D = {1, n/4} and D = {1, n/2}.
• If |D| = 2, the only integral circulant graphs that have perfect state transfer areD = {1, n/4} and
D = {1, n/2}.
The second statement is the continuation of [3], where the case |D| = 1 (i.e. unitary Cayley graphs)
is resolved. In Section 6 we consider graphs of order n = 2p2, where p is a prime, and prove the non-
existence of perfect state transfer for all these graphs. This is the continuation of [2], showing that
there is a class of integral circulant graphs of non-square-free order n that do not allow perfect state
transfer for any divisor set D.
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The results in this paper are extension of the results in [2,3,14]. They represent one step further
towards the solutionof thegeneral problemof characterizationof integral circulant graphswithperfect
state transfer, the issue that still remains open.
2. Integral circulant graphs
A circulant graph G(n; S) is a graph on vertices Zn = {0, 1, . . . , n − 1} such that vertices i and j
are adjacent if and only if i − j ≡ s (mod n) for some s ∈ S. A set S ⊆ Zn is called a symbol of graph
G(n; S) and+n denotes addition over modulo n. Note that the degree of graph G(n; S) is #S. A graph is
integral if all its eigenvalues are integers. Wasin So characterized integral circulant graphs [15] by the
following theorem
Theorem 1 [15]. A circulant graph G(n; S) is integral if and only if
S = ⋃
d∈D
Gn(d),
for some set of divisors D ⊆ Dn. Here Gn(d) = {k : gcd(k, n) = d, 1 k n − 1}, and Dn is the set of all
divisors of n, less than n.
Therefore an integral circulant graph (ICG graph) G(n; S) is deﬁned by its order n and the set of
divisors D. Such graphs are also known as gcd-graphs (see for example [12]). An integral circulant
graph with n vertices, deﬁned by the set of divisors D ⊆ Dn, will be denoted by ICGn(D). Note that
unitary Cayley graphs are a subclass of integral circulant graphs deﬁned by ICGn({1}).
From Theorem 1 we have that the degree of an integral circulant graph is equal to deg ICGn(D) =∑
d∈Dϕ(n/d). Here ϕ(n) denotes the Euler-phi function [10]. The next theorem concerns the connec-
tivity of integral circulant graphs.
Theorem 2 [15]. An integral circulant graph ICGn(D), where D = {d1, . . . , dk}, is connected if and only if
gcd(n, d1, . . . , dk) = 1.
The eigenvalues and eigenvectors of ICGn(D) are given in [14]
λj =
∑
s∈S
ωjsn , vj = [1 ωsn ω2sn · · ·ω(n−1)sn ], (1)
where ωn = exp(i2π/n) is the nth root of unity. Denote by c(j, n) the following expression
c(j, n) = μ(tn,j) ϕ(n)
ϕ(tn,j)
, tn,j = n
gcd(n, j)
, (2)
where μ is the Möbius function. The expression c(j, n) is known as the Ramanujan function [10].
Eigenvalues λj can be expressed in terms of the Ramanujan function as follows [12, Theorem 16],
λj =
∑
d∈D
c(j, n/d). (3)
Let us observe the following properties of the Ramanujan function. These basic properties will be used
in the rest of the paper.
Proposition 3. For any positive integers n, j and d such that d|n, it holds
c(0, n) = ϕ(n), (4)
c(1, n) = μ(n), (5)
c(2, n) =
⎧⎨
⎩
μ(n), n ∈ 2N + 1
μ(n/2), n ∈ 4N + 2
2μ(n/2), n ∈ 4N
(6)
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c(n/2, n/d) =
{
ϕ(n/d), d ∈ 2N
−ϕ(n/d), d ∈ 2N + 1 (7)
3. Perfect state transfer
For a given integral circulant graph ICGn(D)we say that it allows perfect state transfer (PST) between
vertices a and b [5,8,14] if there is a positive real number t such that
|〈a|eiAt|b〉| =
∣∣∣∣∣∣
1
n
n−1∑
l=0
eiλl tωl(a−b)n
∣∣∣∣∣∣ = 1. (8)
If the last statement is true, we will also say that there is PST in ICGn(D) or that ICGn(D) has PST.
Note that (8) depends on a and b just as a function of a − b. We can therefore assume, with no loss of
generality, that b = 0, i.e. we can consider the existence of PST just between vertices a and 0.
We will restate some of the results proved in our paper [3].
Theorem4 [3]. There exists PST in graph ICGn(D) between a vertices a and 0 if and only if there are integers
p and q such that gcd(p, q) = 1 and
p
q
(λj+1 − λj) + a
n
∈ Z, (9)
for all j = 0, . . . , n − 2.
Theorem 5 [3]. There is no PST in ICGn(D) if n/d is odd for every d ∈ D. For n even, if there exists PST in
ICGn(D) between vertices a and 0 then a = n/2.
According to the last theorem, PST is possible in ICGn(D) just for n even and between vertices
a = n/2 and 0 (i.e. between b and n/2 + b). Therefore, in the rest of the paper we will suppose that n
is even and a = n/2.
The following corollary is derived from Theorem 4 and Theorem 5 and will be used as the criterion
for the non-existence of PST.
Corollary 6. If λj = λj+1 for some j = 0, . . . , n − 2 then there is no PST in ICGn(D).
Proof. Suppose that ICGn(D) has PST and let λj = λj+1 for some j = 0, . . . , n − 2. From Theorem 4
we have a/n ∈ Z. This is in contradiction with Theorem 5 since a/n = 1/2 /∈ Z. 
For a given prime number p and an integer n ∈ N0, denote by Sp(n) the maximal number α such
that pα | n if n ∈ N, and Sp(0) = +∞ for an arbitrary prime number p.
Lemma 7 [3]. There exists PST in ICGn(D), if and only if there exists a number m ∈ N0 such that the
following holds for all j = 0, 1, . . . , n − 2
S2(λj+1 − λj) = m. (10)
The following corollary is yielded directly from Lemma 7.
Corollary 8. Let ICGn(D) have PST. One of the following two statements must hold
1. All eigenvalues λj have the same parity.
2. All eigenvalues λj with an odd index j have the same parity and the same holds for an even index j
(i.e. λj are alternatively odd and even).
We will end this section with the following result concerning unitary Cayley graphs.
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Theorem 9 [3]. The only unitary Cayley graphs that have PST are K2 and C4.
Therefore, in the rest of the paperwewill suppose that the setD has at least two divisors, i.e. |D| 2.
4. PST in ICG graphs with an isolated divisor
For a given integral circulant graph ICGn(D),we say thatd0 ∈ D is an isolateddivisor if gcd(d0, d) = 1
for every d ∈ D\{d0}.Wewill study the existence of PST in the integral circulant graphs ICGn(D)having
an isolated divisor d0.
Lemma 10. Let ICGn(D) be an integral circulant graph such that n/2 is an even square-free integer. If
d0 ∈ D is an even isolated divisor, then ICGn(D) has no PST.
Proof. We distinguish the following two cases.
Case 1. n/2 ∈ D. Then λ0 is an odd number since λ0 = ∑d∈Dϕ(n/d) and ϕ(m) is odd if and only
if m = 2. Since n/2 is even, we obtain d0 = n/2. For every d ∈ D\{d0}, it holds that gcd(d, n/2) = 1,
implying that d = 1. Therefore, we have exactly one possibility for the divisor set, D = {1, n/2}.
Proposition 3 yieldsλ0 = ϕ(2) + ϕ(n). For n = 4we haveλ1 = λ2 = −1 and by Corollary 6 there
is no PST in ICG4({1, 2}). Otherwise, n has at least one odd prime divisor p and thus 4 |ϕ(4)ϕ(p) |ϕ(n).
This implies λ0 ∈ 4N + 1. Furthermore, λ1 = μ(2) + μ(n) = −1 and
λ2 = c(2, 2) + c(2, n) = μ(1) + 2μ
(
n
2
)
= 1 + 2(−1)k =
{−1, k ∈ 2N + 1,
3, k ∈ 2N, (11)
where k = ω(n) is the number of prime divisors of n. If k is odd thenλ1 = λ2 = −1 and by Corollary 6
there is no PST in ICGn(D). On the other hand, if k is even then S2(λ2 − λ1) = 2 and S2(λ1 − λ0) = 1.
According to Lemma 7 there is no PST in ICGn(D).
Case 2. n/2 /∈ D. Then λ0 is even. Suppose that there is PST in ICGn(D).
Furthermore, every d ∈ D\{d0} is odd since it is relatively prime to d0. Therefore n/d ∈ 4N and
μ(n/d) = 0. Proposition 3 implies λ1 = μ(n/d0) ∈ 2N + 1 (n/d0 is square-free). By Corollary 8 we
obtain that eigenvalues with even indices are even and with odd indices are odd.
Case 2.1. D = {1, d0}. It holds that
λ2 = c(2, n/d0) + c(2, n) = μ
(
n
id0
)
+ 2μ
(
n
2
)
,
where i = 1 if d0 ∈ 4N and i = 2 if d0 ∈ 4N + 2. In both cases, λ2 is an odd number, which is
in contradiction with Corollary 8.
Case 2.2. D /= {1, d0}. In other words, there is at least one odd divisor d1 ∈ D such that d1 /= 1.
Let p be an arbitrary odd prime divisor of d1 ∈ D. For every d ∈ D it holds
gcd
(
p,
n
d
)
=
{
1, p | d,
p, p  d. (12)
and
tn/d,p = n
d gcd
(
p, n
d
) =
{ n
d
, p | d,
n
pd
, p  d.
(13)
Finally we get
c
(
p,
n
d
)
= μ(tn/d,p)
ϕ
(
n
d
)
ϕ(tn/d,p)
=
⎧⎨
⎩
μ( n
d
), p | d,
μ( n
pd
)(p − 1), p  d. (14)
Let D1 = {d ∈ D : p | d} and D2 = D\D1. Since gcd(d0, d1) = 1 then d0 ∈ D2. This means that
set D1 consists of odd integers only. Relation (3) yields
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λp =
∑
d∈D1
c
(
p,
n
d
)
+ ∑
d∈D2
c
(
p,
n
d
)
= ∑
d∈D1
μ
(
n
d
)
+ ∑
d∈D2
μ
(
n
pd
)
(p − 1)
= ∑
d∈D2
(p − 1)μ
(
n
pd
)
∈ 2N.
The last equation holds because n/d ∈ 4N for all d ∈ D1 and thenμ(n/d) = 0. This proves that
there is an even eigenvalue with an odd index, which is in contradiction with Corollary 8. 
The following result will be useful in the next section.
Lemma 11. Let ICGn(D) be an integral circulant graph where n/2 is an even square-free integer and the
elements of D are all odd. If there exists an isolated divisor d0 ∈ D\{1}, then ICGn(D) has no PST.
Proof. For an arbitrary odd number 0 j n − 1, it holds that gcd(j, n/d) ∈ 2N + 1 and tn/d,j ∈ 4N.
Hence tn/d,j isnot a square-free integer. Therefore c(j, n/d) = 0andλj = 0 foreveryodd j, 0 j n − 1.
We distinguish the following two cases.
Case 1. n/4 ∈ D. If d0 /= n/4 then gcd(d0, n/4) = 1 and d0 = 1, which is a contradiction. Therefore
d0 = n/4andD = {1, n/4} (sincegcd(d, d0) = 1 for alld ∈ D\{d0}). Proposition3yieldsλ0 = ϕ(n) +
ϕ(4) = ϕ(n) + 2.
From the condition of the lemma we have n > 4. Since there exists an odd prime number p such
that p | nwe get 4p | n and 4 |ϕ(4)ϕ(p) |ϕ(n). Hence λ0 ∈ 4N + 2 and also
λ2 = 2μ(2) + 2μ
(
n
2
)
= −2 + 2(−1)l =
{−4, l ∈ 2N + 1,
0, l ∈ 2N. (15)
Here l = ω(n) is the number of distinct prime divisors of n. If l is even then λ1 = λ2 = 0 then by
Corollary 6 there is no PST in ICGn(D). On the other hand, if l is odd then S2(λ2 − λ1) = 2 and S2(λ1 −
λ0) = 1 and according to Lemma 7 there is no PST in ICGn(D).
Case 2. n/4 /∈ D. Suppose that ICGn(D) has PST. Set D has at least two odd divisors, not equal to
n/4. For each d ∈ D there is an odd prime number p such that 4p | n/d and thus 4 |ϕ(4)ϕ(p) |ϕ(n/d).
Using Proposition 3 we get 4 | λ0.
Let p be an odd prime integer which divides d0 and let q = 2p. It holds that
gcd
(
q,
n
d
)
=
{
2, p | d,
2p, p  d, (16)
and
tn/d,q = n
d gcd
(
q, n
d
) =
{ n
2d
, p | d,
n
2pd
, p  d,
(17)
which further implies
c
(
q,
n
d
)
=
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
μ
(
n
2d
)
ϕ( nd )
ϕ( n2d )
, p | d
μ
(
n
2pd
)
ϕ( nd )
ϕ
(
n
2pd
) , p  d
=
{
2μ
(
n
2d
)
, p | d,
2(p − 1)μ( n
2pd
), p  d.
(18)
Now we have
λq = c
(
q,
n
d0
)
+ ∑
d∈D\{d0}
c
(
q,
n
d
)
∈ 4N + 2.
Therefore S2(λ0 − λ1) 2 and S2(λq − λq−1) = 1, which is in contradiction with Lemma 7. 
All the above considerations lead to the following result in the special case.
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Corollary 12. All connected graphs ICGn(D), where n/2 is an even square-free integer and every two
divisors from D are relatively prime, have no PST.
Moreover, if ICGn(D) is a connected graph and D has exactly two divisors, according to the last
corollary it does not allow PST.
Theorem 13. Let ICGn(D) be an integral circulant graph where n is not square-free. Suppose that D /={1, n/2}, d0 ∈ D is an isolated divisor and n/d0 is square-free. Then ICGn(D) does not have PST.
Proof. First suppose that n = 2s where s is an even square-free integer. Then d0 ∈ 2N since n/d0 is
square-free. Every other divisor d ∈ D is odd since gcd(d, d0) = 1. According to Lemma 10, there is no
PST in graph ICGn(D).
Let n /= 2s where s is a square-free integer. Since n/d0 is a square-free integer then d0 is divisible
by all prime factors p of n such that Sp(n) 2. Such primes divide n/d for every divisor d ∈ D\{d0}
(since d is relatively prime to d0). It means that n/d is not square-free and by Proposition 3 we obtain
λ1 = μ(n/d0) ∈ 2N + 1.
We will also prove that n/(2d) is not square-free for every d ∈ D\{d0}.
Suppose that the last statement is not valid for some d1 ∈ D\{d0}.
Then at least one of the following conditions is satisﬁed
(1) There exists an odd prime number p such that Sp(n) 2,
(2) S2(n) 3.
Suppose that (1) holds. Since both n/d0 and n/(2d1) are square-free, we can conclude that p | d0, d1.
This violates the condition of the theorem. Therefore (2) holds. Now 4 | d0 and 2 | d1 since n/d0 and
n/(2d1) are square-free. This also violates the condition of the theorem. This completes the proof that
n/(2d) is not square-free for every d ∈ D\{d0}.
Now since both n/d and n/(2d) are not square-free, from Proposition 3 we obtain
λ2 = c
(
2,
n
d0
)
∈
{
μ
(
n
d0
)
,μ
(
n
2d0
)}
⊂ 2N + 1.
Corollary 8 now yields that all eigenvalues are odd since λ1, λ2 ∈ 2N + 1.
According to Corollary 8 we have λ0 ∈ 2N + 1, and thus n/2 ∈ D.
Suppose that d0 /= n/2. Then it holds that gcd(d0, n/2) = 1, which implies that d0 = 2k for some
k 0. Since n/d0 is square-free, then S2(n) ∈ {k, k + 1}. If k 2 then 2 | n/2, d0, which is impossible.
If k = 1, i.e. d0 = 2, then gcd(2, n/2) = 1 yields that n = 2 · (n/2) is square-free (n/d0 = n/2 is
square-free). This violates the condition of the theorem. Finally, for k = 0 we have d0 = 1 and again n
is square-free, which also violates the condition of the theorem.
Hence d0 = n/2. As gcd(n/2, d) = 1 for all divisors d ∈ D\{n/2} then it holds D ⊆ {1, 2, n/2}. So,
there are three possible choices for the divisor set D = {1, n/2}, D = {2, n/2} and D = {1, 2, n/2}. By
the condition of the theorem we have to consider only the cases D = {2, n/2} and D = {1, 2, n/2}. In
both cases, since gcd(2, n/2) = 1 it holds that S2(n) = 1. Denote by n = 2pα11 pα22 · · · pαkk the prime
factorization of n.
Case 1. D = {2, n/2}. Let l0 = pα1−11 pα2−12 · · · pαk−1k . Since n is not square-free, we have l0  3.
Notice that gcd(n/2, l0) = l0, tn/2,l0 = p1p2 · · · pk and thus
c
(
l0,
n
2
)
= μ(tn/2,l0)
ϕ
(
n
2
)
ϕ(tn/2,l0)
= (−1)kpα1−11 pα1−12 · · · pαk−1k ∈ 2N + 1.
Since l0 ∈ 2N + 1 we have t2,l0 = 2 and thus c(l0, 2) = −1. The above discussion implies λl0 =
c(l0, n/2) + c(l0, 2) ∈ 2N. Since λ1 is odd, according to Corollary 8 there is no PST in ICGn(D).
Case 2. D = {1, 2, n/2}. Now let l1 = 2pα1−11 pα2−12 · · · pαk−1k . Now tn,l1 = tn/2,l1 = p1p2 · · · pk and
thus
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c(l1, n) = c
(
l1,
n
2
)
= (−1)kpα1−11 pα2−12 · · · pαk−1k ∈ 2N + 1.
Furthermore t2,l1 = 1 and thus c(2, l1) = 1. This impliesλl1 = 2c(l0, n) + 1 ∈ 4N + 3 since c(l0, n) ∈
2N + 1. Moreover, since d0 = n/2 we have λ1 = μ(n/d0) = −1 and λ2 = c(2, 2) = 1.
Now consider λl1−1. Since n/2 is not square-free, there exists 1 i k such that αi  2. Now
pi  gcd(l1 − 1, n/2) and thus pαii | tn/2,l1−1. Therefore tn/2,l1−1 is not square-free and c(l1 − 1, n/2) =
0. Since gcd(l1 − 1, n/2) = gcd(l1 − 1, n)wehave tn,l1−1 = tn/2,l1−1 and also c(l1 − 1, n) = 0. On the
other side, t2,l1−1 = 2 and c(l1 − 1, 2) = −1. From the above discussion we conclude
λl1−1 = c(l1 − 1, n) + c
(
l1 − 1, n
2
)
+ c(l1 − 1, 2) = −1.
Since S2(λ2 − λ1) = 1 and S2(λl1 − λl1−1) 2, according to Lemma 7 there is no PST in ICGn(D). 
Notice that if D = {1, n/2}, according to Theorem 16 in [2] there is PST in ICGn(D). The following
corollary is obtained directly from Theorem 13.
Corollary 14. Let ICGn(D) be an integral circulant graph such that D /= {1, n/2}. If gcd(d1, d2) = 1 for
every d1, d2 ∈ D, d1 /= d2 and there exists d0 ∈ D such that n/d0 is square-free, then ICGn(D) has no PST.
5. PST in ICG graphs with the NSF property
Let ICGn(D) be an integral circulant graph where n/d is not square-free for each divisor d ∈ D. We
call these graphs ICG graphs with the NSF property.
By Proposition 3 it holds λ1 = ∑d∈Dμ(n/d) = 0. Furthermore, the NSF property implies n/2 /∈ D
and hence λ0 ∈ 2N.
Theorem 15. Let ICGn(D) be an integral circulant graph with the NSF property. If n ∈ 4N + 2, there is no
PST in ICGn(D).
Proof. Let D1 = D ∩ 2N + 1. For each d ∈ D1 we have that n/(2d) is not square-free since S2(n) = 1
and n/d is square-free. Hence n/(2d) is odd and
λ2 =
∑
d∈D1
2μ
(
n
2d
)
+ ∑
d∈D\D1
μ
(
n
d
)
= 0.
Since λ1 = λ2 = 0, according to the Corollary 6 there is no PST in ICGn(D). 
The following two lemmas will be used in the proof of the next theorem. In these lemmas and the
theorem we deal with the case S2(n) = 2, i.e. n ∈ 8N + 4.
Lemma 16. Let S2(n) = 2, n/4 is not square-free andD = D′ ∪ {n/4}whereD′ ⊂ {1, 2, 4}.Then ICGn(D)
has no PST.
Proof. Since n/4 is not a square-free integer, the same holds for n and n/2. Therefore ICGn(D) has the
NSF property and, according to the discussion at the beginning of the section, it holds that λ0 ∈ 2N
and λ1 = 0. Moreover, μ(n/d) = 0 for every d ∈ D′ and hence λ2 = 2μ(2) = −2.
Letn = 4pα11 pα22 · · · pαss ps+1ps+2 · · · pk be theprime factorization ofn, whereαi  2 for i = 1, . . . , s.
For an arbitrary odd j it holds 4 | tn,j and c(j, n) = 0. Similarly, it holds c(j, 4) = 0. Let j0 = pα1−11 · · ·
pαs−1s . Since j0 is odd, we have c(j0, n) = 0 and c(j0, 4) = 0. Moreover, since tn/2,j0 = 2p1 · · · pk and
tn/4,j0 = p1 · · · pk we have
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c
(
j,
n
2
)
= μ(tn/2,j)
ϕ
(
n
2
)
ϕ(tn/2,j)
= (−1)k+1pα1−11 · · · pαs−1s ∈ 2N + 1, (19)
and
c
(
j,
n
4
)
= μ(tn/4,j)
ϕ
(
n
4
)
ϕ(tn/4,j)
= (−1)kpα1−11 · · · pαs−1s ∈ 2N + 1. (20)
We also have c(j, n/2) = −c(j, n/4). Now we distinguish three cases.
Case 1. |D ∩ {2, 4}| = 1. In other words, exactly one of the divisors 2 and 4 belongs to D. According
to the equations (19) and (20) and using c(j0, n) = 0 and c(j0, 4) = 0 we obtain λj0 ∈ 2N + 1. Now
from λ0, λ1 ∈ 2N and Corollary 8 we conclude that ICGn(D) does not have PST.
Case 2. 2, 4 /∈ D. In other words, D = {1, n/4}. Consider q = 2j0. Now tn,q = 2p1 · · · pk and
c(q, n) = μ(tn,q) ϕ(n)
ϕ(tn,q)
= (−1)k+12pα1−11 · · · pαs−1s ∈ 4N + 2.
Also since t4,q = 2 it holds c(4, q) = −2. From the above discussion we conclude λq = c(4, q)+ c(n, q) ∈ 4N. Consider now λq−1. Since q − 1 is odd, we have tq−1,4 = 4 and c(4, q − 1) = 0.
Moreover,since p
α1
1 |tn,q−1, it holds c(q − 1, n) = 0 and λq−1 = 0. Now from S2(λ2 − λ1) = 1 and
S2(λq − λq−1) 2, and using Lemma 7, we conclude that ICGn(D) does not have PST.
Case 3. 2, 4 ∈ D. Since D /= {1, 2, 4, n/4} we have D = {2, 4, n/4}. Again, consider λq. Similarly to
the previous cases we have tn/2,q = tn/4,q = p1 · · · pk and
c
(
q,
n
2
)
= c
(
q,
n
4
)
= (−1)kpα1−11 · · · pαs−1s ∈ 2N + 1.
Since c(4, q) = −2 we obtain
λq = c
(
q,
n
2
)
+ c
(
q,
n
4
)
+ c(q, 4) = 2c
(
q,
n
2
)
− 2 ∈ 4N.
Since p
α1
1 |tn/2,q, tn/4,q it holds c(q − 1, n/2) = c(q − 1, n/4) = 0. Hence we have λq−1 = 0 and as in
the previous case, the non-existence of PST follows analogously. 
Lemma 17. Letn = 4pα11 wherep1 is aprimeandα1 > 1.Also letD = D′ ∪ {pα1−11 }whereD′ ⊆ {1, 2, 4}.
Then there is no PST in ICGn(D).
Proof. Notice that ICGn(D) has the NSF property and hence λ0∈2N and λ1=0. Moreover, since
c(2, n)=2μ(n/2)=0, c(2, n/2)=μ(n/4)=0, c(2, n/4) = μ(n/4) = 0 and c(2, 4p1)=2μ(2p1)=2,
it holds that λ2 = 2.
Let d0 = pα1−11 and let us distinguish two cases.
Case 1. α1  3. Let j0 = 2p1. First, notice that tn/d0 ,j0 = 2 and c(j0, n/d0) = −2(p1 − 1) ∈ 4N.
Furthermore, for every divisor d ∈ D′, we can write n/d = 2γ pα11 for some 0 γ  2. Thus,
tn/d,j0 =
2γ p
α1
1
gcd(2p1, 2γ p
α1
1 )
=
{
2γ−1pα1−11 , γ  1
p
α1−1
1 , γ = 0.
(21)
According to theassumption thatα1  3 itholds that c(j, n/d) = 0 foreveryd ∈ D′ andλj0 =c(j0, n/d0)∈ 4N. On the other side, j0 − 1 is an odd integer, which yields 4 | tn/d0 ,j0−1 and c(j0 − 1, n/d0) = 0.
Moreover, since p1  j0 − 1 we have pα11 | tn/d,j0−1 and c(j0 − 1, n/d) = 0. Finally, we conclude that
λj0−1 = 0.
Now S2(λj0 − λj0−1) 2 and S2(λ2 − λ1) = 1. According to Lemma 7, there is no PST in ICGn(D).
Case 2. α1 = 2. Now n = 4p21, d0 = p1 and also
n
d0
= 4p1, n
2
= 2p21,
n
4
= p21.
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We distinguish two cases depending on the elements of the divisor set D:
Case 2.1. D = {2, p1}, D = {4, p1}, D = {1, 2, p1} and D = {1, 4, p1}. Consider the eigenvalue λp1 .
By direct computation we have
t n
d0
,p1
= 4, tn,p1 = 4p1, t n2 ,p1 = 2p1, t n4 ,p1 = p1.
and
c
(
p1,
n
d0
)
= 0, c (p1, n) = 0, c
(
p1,
n
2
)
= p1, c
(
p1,
n
4
)
= −p1.
According to (3) λp1 ∈ {p1,−p1} ⊂ 2N + 1 for each of the divisor set D considered in this case.
Since λ1 = 0 and λp1 ∈ 2N + 1, according to Corollary 8 there is no PST in these classes of
graphs.
Case 2.2. D = {1, p1}, D = {2, 4, p1} and D = {1, 2, 4, p1}. Note that,
ϕ
(
n
d0
)
= 2(p1 − 1), ϕ(n) = 2p1(p1 − 1), ϕ
(
n
2
)
= p1(p1 − 1), ϕ
(
n
4
)
=p1(p1 − 1).
According to Proposition 3 it holds that λ0 ∈ {2(p1 − 1)(p1 + 1), 2(p1 − 1)(2p1 + 1)} ∈ 4N
for the considered divisor sets of this case. Now, since S2(λ0 − λ1) 2 and S2(λ1 − λ2) = 1, we
conclude that there is no PST in these classes of graphs. 
Theorem 18. Let the integral circulant graph ICGn(D) have the NSF property and S2(n) = 2. There is no
PST in ICGn(D) if either of following two conditions is valid:
(a) There is no d ∈ D such that n/(2d) is a square-free integer.
(b) There is d0 ∈ D such that d0 /= 1, n/(2d0) is a square-free integer, D /= {1, 2, 4, n/4} and d0 is an
isolated divisor.
Proof. Suppose that (a) holds. Similarly to the proof of Theorem 15 we get λ1 = λ2 = 0 and hence
there is no PST in ICGn(D).
Now suppose that (b) holds. There exists d0 such that n/(2d0) is square-free. Let
n = 4pα11 pα22 · · · pαss ps+1ps+2 · · · pk
be the prime factorization of n, where αi  2 for i = 1, . . . , s. Thenwe canwrite d0 = pβ11 pβ22 · · · pβss m,
where αi − βi  1 and m | ps+1ps+2 · · · pk . This holds since n/(2d0) is square-free and n/d0 is not
square-free. Thus d0 is odd.
Suppose that s = 0. All d ∈ D are odd, since otherwise n/d is square-free. According to Lemma 11
there is no PST in ICGn(D).
Hence let s 1. For an arbitrary d ∈ D it holds d | 4ps+1 · · · pk since gcd(d0, d) = 1 and thus n/(2d)
is not a square-free integer. Therefore, it holds λ2 = 2μ(n/(2d0)).
Case 1. d0 = n/4. Since d0 is an isolated divisor, we conclude that d | 4 for every divisor d ∈ D/{d0}.
Therefore D\{n/4} ⊆ {1, 2, 4}. Since D /= {1, 2, 4, n/4}, according to Lemma 16 there is no PST in
ICGn(D).
Case 2. d0 /= n/4. Therefore, pi | n/d0 for some 1 i k. Since d0 is odd, we have 4 | n/d0 and
4 |ϕ(4)ϕ(pi)|ϕ(n/d0). Now we distinguish two more cases.
Case 2.1. s 2. Since gcd(d, d0) = 1 for every d ∈ D\{d0}, it holds that pi  d and pi | n/d, for
1 i s. Furthermore, 4 |ϕ(p1)ϕ(p2) |ϕ(n/d) and
λ0 =
∑
d∈D
ϕ
(
n
d
)
= ϕ
(
n
d0
)
+ ∑
d∈D\{d0}
ϕ
(
n
d
)
∈ 4N.
Now S2(λ1 − λ0) 2 and S2(λ2 − λ1) = 1 (λ2 = 2μ(n/(2d0)) ∈ 4N + 2). According to
Lemma 7, there is no PST in ICGn(D).
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Case 2.2. s = 1. If there exists pi, 2 i k such that pi | d0, similarly to the previous casewe prove
that 4 |ϕ(n/d). The rest of the proof proceeds analogously.
Otherwise we have d0 = pβ11 . Suppose that k 2. Let 2 j0  n − 1 be an even integer such that
p2p3 · · · pk | j0 and p1  j0, j0 − 1. For example, j0 can be chosen among the solutions of the system
of congruence equations j0 ≡ 0 (mod pi) for 2 i k and j0 ≡ 2 (mod p1). The last system
has a unique solution over modulo p1p2 · · · pk due to the Chinese Reminder Theorem (see for
example [10]). Then
tn/d0 ,j0 =
4p
α1−β1
1 p2 · · · pk
gcd(j0, 4p
α1−β1
1 p2 · · · pk)
=
{
2p
α1−β1
1 , j0 ∈ 4N + 2
p
α1−β1
1 , j0 ∈ 4N,
(22)
and
c
(
j0,
n
d0
)
= ±ϕ(4p
α1−β1
1 p2 · · · pk)
ϕ(2γ p
α1−β1
1 )
= 2ϕ(p2 · · · pk) ∈ 4N,
where 0 γ  1.
Moreover p
α1
1 | n/d and since p1  gcd(j0, n/d) we have pα11 | tn/d,j0 , for every d ∈ D\{d0}. Thus
c(j0, n/d) = 0 and λj0 = c(j0, n/d0) ∈ 4N.
Furthermore, it holds 4 | tn/d0 ,j0−1, since j0 − 1 is an odd integer and c(j0 − 1, n/d0) = 0.
On the other side, we have that p
α1
1 | n/d for every divisor d ∈ D\{d0}. Hence, the condition
p1  j0 − 1 directly implies that pα11 | tn/d,j0−1 and c(j0 − 1, n/d) = 0. Thus we have λj0−1 = 0.
Now S2(λj0 − λj0−1) 2 and S2(λ2 − λ1) = 1 (λ2 = 2μ(n/(2d0)) ∈ 4N + 2). According to
Lemma 7, there is no PST in ICGn(D).
Suppose now that k = 1, i.e. n = 4pα11 . If d0 = pα11 then d0 = n/4, which has already been
considered in Case 1. Hence, in the other case we have d0 = pα1−11 . Also, since gcd(d, d0) = 1
we have d | 4 for any d ∈ D\{d0}. According to Lemma 17 there is no PST in ICGn(D). 
Note that in case D = {1, 2, 4, n/4} there are ICG graphs having PST. For example, the minimal such
graph is ICG20({1, 2, 4, 5}).
Now we consider the case S2(n) 3, i.e. n ∈ 8N.
Theorem 19. Let ICGn(D) be an integral circulant graph such that S2(n) 3. Suppose that there exists an
even isolated divisor d0 ∈ D and n/d0 is not square-free. Then ICGn(D) has PST if and only if D = {1, n/4}.
Proof. It has already been proved in [2] (Theorem 17) that the graph ICGn({1, n/4}) has PST. Hence we
have to prove only the forward direction.
Suppose that ICGn(D)hasPST. Since S2(n) 3andall divisorsd ∈ D\{d0}areodd, it holdsμ(n/d) =
μ(n/(2d)) = 0. If S2(n/d0) 3 thenμ(n/d0) = μ(n/(2d0)) = 0 and λ1 = λ2 = 0. This is in contra-
dictionwithCorollary 6. Also, if there exists anoddprime p such that Sp(n/d0) 2, the sameconclusion
holds.
Therefore, for any odd prime p | n/d0 it must hold Sp(n/d0) = 1 and S2(n/d0) = 2, since n/d0 is
not square-free. In other words,
n/d0 = 4p1p2 · · · pl,
where n = 2α0pα11 pα22 · · · pαkk is the prime factorization of n and l k (with no loss of generality we
can suppose that the ﬁrst l prime factors of n divide n/d0). Furthermore, λ1 = 0 and λ2 = 2(−1)l+1,
since S2(n/d) 3 andμ(n/d) = μ(n/(2d)) = 0 for every d ∈ D\{d0}. Nowwe distinguish twomore
cases.
Case 1. Suppose that l 1. Thus 4 |ϕ(4)ϕ(p1) |ϕ(n/d0). Similarly, for each d ∈ D\{d0} we have
ϕ
(
n
d
)
= ϕ
(
2α
n
2αd
)
= 2α−1ϕ
(
n
2αd
)
∈ 4N,
where α = S2(n) 3. Now
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λ0 = ϕ(n/d0) +
∑
d∈D\{d0}
ϕ(n/d) ∈ 4N,
wherefrom we obtain S2(λ1 − λ0) 2 and S2(λ2 − λ1) = 1, which contradicts Lemma 7.
Case 2. Suppose that l = 0, i.e. d0 = n/4. Since d = 1 is the only divisor of n, relatively prime to
n/4, it must hold D = {1, n/4}. 
Graphs satisfying the condition of Theorem 19 have the NSF property since 4 | n/d for all d ∈ D.
Theorem 20. Let ICGn(D) be an integral circulant graph such that S2(n) 3 and D contains only odd
divisors. Then ICGn(D) has no PST.
Proof. Note that ICGn(D) has the NSF property since S2(n/d) 3 for every d ∈ D. Hence λ1 = 0.
Moreover, since S2(n/(2d)) 2 we have
λ2 =
∑
d∈D
2μ
(
n
2d
)
= 0.
According to Corollary 6, there is no PST in ICGn(D). 
Theorems 15, 18, 19, 20 yield the following corollary.
Corollary 21. Let ICGn(D) be an integral circulant graph with NSF property and D /= {1, n/4}. If
gcd(d1, d2) = 1 for every d1, d2 ∈ D, d1 /= d2, then ICGn(D) has no PST.
Proof. If S2(n) = 1, the conclusion follows directly from Theorem 15.
Suppose that S2(n) = 2. If all n/(2d) are not square-free for every d ∈ D, the conclusion follows
from Theorem 18 part (a). Otherwise there exists d0 ∈ D such that n/(2d0) is square-free. Without
losing generality, we can suppose d0 > 1 (if n/2 is square-free then n/(2d) is square-free for every
d ∈ D). Hence the conclusion follows from Theorem 18 part (b), since d0 is an isolated divisor and
D /= {1, 2, 4, n/4} (2 and 4 are not relatively prime).
Finally, let S2(n) 3. If there exists an even d0 ∈ D, the conclusion follows from Theorem 19 since
d0 is an even isolated divisor. Otherwise the conclusion follows from Theorem 20. 
Moreover, using Corollaries 14 and 21 we obtain:
Corollary 22. Let ICGn(D) be an integral circulant graph such that D /= {1, n/2}, D /= {1, n/4} and
gcd(d1, d2) = 1 for every d1, d2 ∈ D, d1 /= d2. Then ICGn(D) has no PST.
Proof. If ICGn(D) has the NSF property, the conclusion follows directly from Corollary 21. Otherwise,
there exists d0 such that n/d0 is square-free. Now the conclusion follows from Corollary 14. 
From the last corollary and Theorem 16 in [2] we have the following corollary concerning the case
|D| = 2.
Corollary 23. The Integral circulant graph ICGn(D), where D has exactly two divisors, has PST if and only
if S2(n) 3 and D = {1, n/2}, D = {1, n/4}.
6. PST in ICG graphs of order n = 2p2
Recall that in [2] itwasproved that ICGgraphswhoseordern is a square-free integerdonothavePST.
In the general case, when n is not square-free, the situation is much more complicated and complete
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consideration requires a lot of cases.Wewill illustrate this fact in a simple casewhen n = 2p2, where p
is prime. In the following theorem,we show that these graphs do not have PST either, but the complete
proof requires a total of 10 different cases.
Theorem 24. Let pbeanarbitraryprimenumberandn = 2p2.There is no integral circulant graph ICGn(D)
allowing PST for any set of divisors D.
Proof. Let Dn = {1, 2, p, 2p, p2} be the set of all divisors of n, less than n. By di denote ith divisor of Dn
in the ascending order.
The following equations will be used several times
n
d1
= 2p2, n
d2
= p2, n
d3
= 2p, n
d4
= p, n
d5
= 2.
We distinguish four cases according to the number of elements of set D. Recall that we only consider
connected graphs and graphs with at least two divisors.
Case 1. |D| = 2. According to Corollary 23 it is sufﬁcient to consider the case D = {1, n/2}. Propo-
sition 3 yields that λ1 = μ(2p2) + μ(2) = −1. According to (2), by direct computation we ﬁnd
tn/d1 ,p = 2p and tn/d5 ,p = 2. Hence c(p, n/d1) = p and c(p, n/d5) = −1 and thus λp = p − 1 ∈ 2N.
Now Corollary 8 yields that ICGn(D) has no PST.
Case 2. |D| = 3. Let us distinguish four subcases.
Case 2.1. D = {1, 2, 2p}. Since n/2 = p2 /∈ D we conclude that λ0 ∈ 2N. On the other side,
according to Proposition 3 we have that the second eigenvalue is
λ2 = μ(p2) + μ(p2) + μ(p) = −1 ∈ 2N + 1.
Corollary 8 yields that ICGn(D) does not have PST.
Case 2.2. D = {1, p, p2}, D = {1, 2p, p2}, D = {2, p, p2} and D = {2, 2p, p2}. Since n/2 = p2 ∈ D
we conclude that λ0 ∈ 2N + 1. Again, according to Proposition 3 it holds that
λ2 = μ(p2) + μ(p) + μ(1) = 0 ∈ 2N.
According to Corollary 8 there is no PST in ICGn(D).
Case 2.3.D = {1, p, 2p} andD = {2, p, 2p}. Consider the ﬁrst divisor set. According to Proposition
3 we obtain
λ1 = μ(2p2) + μ(2p) + μ(p) = 0.
Similarly, for the second divisor set we have
λ1 = μ(p2) + μ(2p) + μ(p) = 0.
On the other side, from (2) we obtain
c
(
p,
n
d1
)
= p, c
(
p,
n
d3
)
= −(p − 1), c
(
p,
n
d4
)
= p − 1, c
(
p,
n
d2
)
= −p.
The last equation yields thatλp = p for the ﬁrst divisor set andλp = −p for the second. In either
case there is no PST in ICGn(D) according to Corollary 8.
Case 2.4. D = {1, 2, p} and D = {1, 2, p2}. Since each two divisors from D are relatively prime,
the non-existence of PST follows directly from Corollary 21.
Case 3. |D| = 4. We distinguish four more cases.
Case3.1.D = {1, 2, p, 2p}. UsingProposition3, the expression (2) canbearranged in the following
way
λ0 = ϕ(2p2) + ϕ(p2) + ϕ(2p) + ϕ(p) = 2(p − 1)(p + 1).
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The last expression is divisible by 8, since p is an odd prime integer. Thus 8|λ0.
On the other side, according to Proposition 3, it holds that
λ1 = μ(2p2) + μ(p2) + μ(2p) + μ(p) = 0
λ2 = μ(p2) + μ(p2) + μ(p) + μ(p) = −2.
Since S2(λ1 − λ0) 3 and S2(λ2 − λ1) = 1, again by Lemma 7we obtain that ICGn(D) does not
have PST.
Case 3.2. D = {1, 2, p, p2}. Proposition 3 yields that
λ1 = μ(2p2) + μ(p2) + μ(2p) + μ(2) = 0,
λ2 = μ(p2) + μ(p2) + μ(p) + μ(1) = 0,
and thus according to Corollary (6) we obtain that this class of graphs does not allow perfect
state transfer.
Case 3.3. D = {1, 2, 2p, p2}. Since n/2 = p2 ∈ D we conclude that λ0 ∈ 2N + 1. On the other
side, Proposition 3 yields
λ2 = μ(p2) + μ(p2) + μ(p) + μ(1) = 0,
which leads us to the conclusion that there is no PST in ICGn(D), according to Corollary 8.
Case 3.4. D = {1, p, 2p, p2} and D = {2, p, 2p, p2}. For both divisor sets, according to Proposition
3 it holds
λ2 = μ(p2) + μ(p) + μ(p) + μ(1) = −1.
For the ﬁrst divisor set, using the same proposition, we have
λ1 = μ(2p2) + μ(2p) + μ(p) + μ(2) = −1,
and for the second divisor set
λ1 = μ(p2) + μ(2p) + μ(p) + μ(2) = −1.
Thus, for the both divisor sets we obtain that λ1 = λ2 = −1 and conclude that there is no PST
in these classes of graphs, according to Corollary 6.
Case 4. |D| = 5. Now ICGn(D) = Kn and its eigenvalues are given by λ0 = n − 1 and λ1 = λ2 =· · · = λn−1 = −1. Now since λ1 = λ2, according to Corollary (6), there is no PST in ICGn(D). 
7. Conclusion
This paper provides further results on perfect state transfer in integral circulant graphs. The non-
existence of PST was proved in several classes of ICG graphs containing an isolated divisor d0, i.e. the
divisor which is relatively prime to all other divisors from d ∈ D\{d0}. On the other hand, there are
ICG graphs with an isolated divisor that have PST. These classes are ICGn({1, n/2}) and ICGn({1, n/4}),
but there are other such graphs (for example ICG20({1, 2, 4, 5})).
Furthermore,we considered the classes of ICG graphswith theNSF property (i.e. each n/d is square-
free, for every d ∈ D). As a direct corollary of these results, we obtained the characterization of ICG
graphs with two divisors which have PST. A similar characterization is obtained for ICG graphs where
each twodivisors are relatively prime. Finally, itwas shown that ICGgraphswith thenumber of vertices
n = 2p2 do not have PST.
The results resented here are the continuation of the results obtained for unitary Cayley graphs
[3] and for ICG graphs of square-free order [2]. In contrast to [2,3], the proofs presented in this paper
require extensive discussion inmany different cases. Some further generalizations on this topic would
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be much more complicated, requiring a lot of cases. The examples of such generalizations are graphs
with three ormore divisors, graphswith an isolated divisor or the NSF property in general case, graphs
of order 2p2q2, 2p2p1 · · · pk , etc. This shows that the general problem of characterization of ICG graphs
with PST is very difﬁcult.
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